SCALAR PRODUCT OF VECTORS IN THREE DIMENSIONS

The scalar product (dot product) has been defined and used for vectors in two dimensions. (Refer to New Senior
Mathematics Extension 1, Section 10.4.)

In component form, itis writteng*b = (xli + YIZ)'(xli + y,l') = X X3 + Y, -
In three dimensions, if @ = x;i + y;j + 2,k andl_;-xz_:'_-ry,!‘i-zzl_c.thcn
g*l_:-(x,gi» y.l'-&z,l_c)'(x,y y,!«»z,k)-x.x, + N2+ 2z
The proof of this result is similar to the proof in two dimensions.
a*b= (x,: +y,}+z,k) (x-.1+y,j+zzk)
xlxz)(' ") (xl)’z ( ) (Xlzz( )) ,lez (]'i)"‘()’l)’z)(!'!)"‘()’lzz )(1"5)
+zx ) ke i)+ 2y, ( l) z,zz)(ls I_c)
=joj=Reks

=X X3+ )2tz asici

andisjmiok=jok=joimkeimkej=

It is sometimes useful to be able to use sigma notation for the scalar product.

3
Hu=xjii+xj+x;kandy = yi + yyj+ ysk,thenue v = xy, + x, 0, + X395 = 2%)’;-
[

Example 6
Giveng-2_1:-1+3I_candl_;-g+21—l_<,ﬁnd:
(a) axb (b) boa © |af @ a
Solution
@ avb=(2i-je3k)e(iv2j-4) ®) bea=(ir2j-k)+(2i-j+34)
=2x1+(-1)x2+3x(-1) =1x2+2x(-1)+(-1)x3
=2-2-3 =2-2-3
-—3 -"3

© o] = V22 + (17 +3* = V4 €] é-ﬁ-ﬁ;(%—i”’.‘)
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SCALAR PRODUCT OF VECTORS IN THREE DIMENSIONS

Angle between two vectors

Just as the scalar product can be used to find the angle between two-dimensional vectors, it can also be used to find
the angle between two vectors in three dimensions.
The scalar product saysa* b = Ig”l_)lcoso, where 6 is the angle between the two vectors.

Hence
costl = ,‘};11
|a][]
XX + W) + 242,

e 2 2 2 2 2 2
\/xl o+ "‘/xz )4z

Example 7
Find the angle, in degrees, between the vectorsa = -2i — j-kandb=i+2j- k.

Solution
a=-2i-j-kl|a|-Va+1+1-6

l_)-£'+21‘—l_c:|l_;|-\/l+4+ =6

asb=(-2i-j-k)e(i+2j-k)
=(-2)x1+(=1)x2+(-1)x(-1)
g

ash -3 1
COSG-I;-"—E'»--E-a—-i

As cos @is negative, the angle must be obtuse, and hence in the second quadrant so 8=120°.

Example 8
Show that the vectors u = 2i —3j+ 4kand y = 5i + 2 j — k are perpendicular to each other.
Solution
Consider e v:
wey=(2i-3j+4k)e(5i +2j-k)
=10-6~4
=0
Since the scalar product is zero, the vectors u and v are perpendicular. (Remember, cos 90° =0.)
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Example 9
Find a vector perpendicular to the vector 3i — 4.
Solution :
Let a unit vector perpendicular to y = 3i — 4 be u = xi + yj.
Since y is a unit vector, then ¥ +)°=1 (1]
Since v o1 = 0: x-4y=0 2]
[2] becomes y=%:i
2

Substitute in [1]: = +%‘%—=l

25x* =16

SEVY B et

x-is, y is

Hence (4i+3j) and - 1(4i + 3} ) are unit vectors perpendicular to 3i - 4j.
Since any scalar multiples of these unit vectors are also perpendicular to v, two possible answers are 4i + 3
and -(4i +3j}

Algebraic properties of the dot product

These results have been used before in the Mathematics Extension 1 course.
» aeb=bea

. aea=|af

- as(b+c)=aeb+aec

(
-

+
at+b)e(c+d)=aec+aed+bec+bed
ma)o{_::m(gol_;)wheremisareal number.

Geometric properties of the dot product

» Ifaeb=0,thenaand b are perpendicular,a L b
Ifaeb=|alb
If a and b are parallel vectors, then aeb =|g”l3|

» then a and b are parallel vectors

(3~
(R of

The angle between two vectors, 8, is given by cos8 =

)

A o

By convention, 0° < < 180°.
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Scalar and vector projections of vectors

In New Senior Mathematics Extension 1, expressions were given for the
scalar and vector projection of the two-dimensional vector, g, onto the

two-dimensional vector, b.

- " a* b
» The scalar projection of g onto b is a=<b, where a* b = -I— Ea s
g i el
~ a*b
» The vector projection of @ onto b is ( )b or -;—-g b

+ The vector projection of a perpendicularto bis a - -‘é-.—%l_;, ora ‘(‘3 ol:,)l:w

These results also apply to three-dimensional vectors.

Example 10
Given the vectors a = 4i +5j -3k andé-Zg'_—Zl'i-!_c,ﬁnd:
(a) the scalar projection of a onto b
(b) the vector projection of g onto b
(c) the vector projection of @ onto the x-axis. Hence write the vector projection on the y- and z-axes

(d) the vector projection of a perpendicular to b.

Solution
g-zg—zz+l_(:|l_;}-\/2‘+2’+11-\/5-3,1}--;:(21-2141_‘)
(@) Scalar pr:}ﬁc;ion (b) Vector pr(Oiecfifp et
ontoé-‘l-l-’-r onto b = g‘éé-‘m‘é
-(41‘+Sl‘—3l_r)'(21-—2!'+l_c) --—%x%(Zi—Z!%—l_c)
3 IR
L 8-10-3 - 2(-2i+2j-k)
3

(c) i is the unit vector in the direction of the x-axis: vector projection = (a*i)i
=((4i+5j-3k)« i)
-4i
The vector projection of a on the y- and z-axes is 5 and -3k.

(d) Vector projection of a perpendicular to b =a— g-l:-:-l_;

(4i+5j-3k)+(2i-2j+k)

= (4i+5j-3K)- - (2i-2j+k)
-(4g+5,'-3l_:)--‘-§(2g-2j+g)
=4i+5j-3k+ 2> i——; %k

-6(46§+352—221_<)
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Example 11 :
OABCDEFG is a cube of side length 1 unit. With reference to O as the origin:
(@) write the position vectors for B, ABand TC
(b) find the position vectors of F and G
O indwema Ot Al L s e R o)y

b

/]

(d) calculate the acute angle at which the diagonals OF and AG intersect. ¢
0 A
Solution 2
0X=-i,0C= jand OB = k.
(@) TB-0X-iAB-0C- j,CC - 0B -k (d) OF«AC - [OF||AC]cost
nowR [OF] =P+ AT - 45,
=i+j+ g
Tl AG|=VP 41+ =3
oC-0C+TC 7]
-j+k (§+1'+l_:)'(-g+!+l_c)-\/§~/§oos8
The position vector of Fis i + j + k; -1+1+1=3cosf
the position vector of G is j + k. o =L
© 5?-14!45 o 7o°:z
AC=-A0+0C+TC The angle between the two vectors is 70°32".
=i+ j+k
Example 12

Find unit vectors perpendicular to both u = 2i —3j + 6k and v = —6i + 2j + 3k.

Solution
Let w = pi + qj + rk be a unit vector that is perpendicular to both » and v.

Use the fact thata*b=0whena 1 b.

uew=0: 2p=3¢+6r=0 [1]
vew=0: —6p+2q+3r=0 (2]
wisaunitvector: p+g+r=1 (3]
(1]-2x[2}: 14p-7¢g=0
q=2p
2x[1]+3x[2): ~14p+21r=0
2p
r-—s—
SRRy 2 2, 4P
Substitute in [3]: p +4p +T-l
49p* =9
3 6 2
p-t':?-, Q‘t7, T-t7

Hence = %(31' +6j+ 2)_:) are unit vectors perpendicular to both wand v.

Since any scalar multiple of these vectors is also perpendicular, then ;:(31' +6j+ 2]5) are vectors perpendicular
to both yand v. 3
Since w is perpendicular to both y and v, then it is perpendicular to the plane containing y and v.
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