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𝐥𝐥𝐥𝐥𝐥𝐥
𝒙𝒙→𝟎𝟎

�
𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙
𝒙𝒙

� = 𝟏𝟏 

 

 

𝐥𝐥𝐥𝐥𝐥𝐥
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𝒙𝒙𝟐𝟐
� =
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𝟐𝟐
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Formal proof of 𝐥𝐥𝐥𝐥𝐥𝐥
𝒙𝒙→𝟎𝟎

�𝐬𝐬𝐬𝐬𝐬𝐬𝒙𝒙
𝒙𝒙
� = 𝟏𝟏 

Consider a sector 𝑂𝑂𝑂𝑂𝑂𝑂 of a circle of unit radius. 

We can draw the chord 𝐴𝐴𝐴𝐴  

Further this sector is included in a triangle 𝑂𝑂𝑂𝑂𝑂𝑂 
where 𝐴𝐴𝐴𝐴 is the tangent to the circle at 𝐴𝐴 , and 𝐶𝐶 
is aligned with points 𝑂𝑂 and 𝐵𝐵 

Let the size of ∠𝐴𝐴𝐴𝐴𝐴𝐴  be 𝜃𝜃 radians. 

 
∴  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 ∆𝐴𝐴𝐴𝐴𝐴𝐴 < 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑂𝑂𝑂𝑂𝑂𝑂 < 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 ∆𝐴𝐴𝐴𝐴𝐴𝐴  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 ∆𝐴𝐴𝐴𝐴𝐴𝐴 =
1
2 × 1 × 1 × sin𝜃𝜃 =

1
2 sin𝜃𝜃  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑂𝑂𝑂𝑂𝑂𝑂 =
1
2 × 12 × 𝜃𝜃 =

𝜃𝜃
2  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 ∆𝐴𝐴𝐴𝐴𝐴𝐴 =
1
2 × 1 × 𝐴𝐴𝐴𝐴 =

1
2 × 1 × tan𝜃𝜃 as tan𝜃𝜃 = 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
= 𝐴𝐴𝐴𝐴

1
 

 

Therefore 
1
2 sin𝜃𝜃 < 𝜃𝜃

2 < 1
2 tan𝜃𝜃 

Hence sin𝜃𝜃 < 𝜃𝜃 < tan𝜃𝜃 

 sin𝜃𝜃 < 𝜃𝜃 < sin𝜃𝜃
cos𝜃𝜃 

Take reciprocals 
1

sin𝜃𝜃 >
1
𝜃𝜃 >

cos𝜃𝜃
sin𝜃𝜃  

Hence, multiplying both sides by 
sin𝜃𝜃, we obtain: 1 >

sin𝜃𝜃
𝜃𝜃 > cos𝜃𝜃 

 

But lim
𝜃𝜃→0

cos 𝜃𝜃 = 1  therefore the value of  sin𝜃𝜃
𝜃𝜃

  is “squeezed” between 1 and cos𝜃𝜃 which 
value also tends towards 1 when 𝜃𝜃 tends towards 0. 

Therefore lim
𝜃𝜃→0

�sin𝜃𝜃
𝜃𝜃
� = 1 
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Formal proof of 𝐥𝐥𝐥𝐥𝐥𝐥
𝒙𝒙→𝟎𝟎

�𝟏𝟏−𝐜𝐜𝐜𝐜𝐜𝐜𝒙𝒙
𝒙𝒙𝟐𝟐

� = 𝟏𝟏
𝟐𝟐
 

We consider 
sin2 𝜃𝜃
𝜃𝜃2

= 1−cos2𝜃𝜃
𝜃𝜃2

= (1−cos𝜃𝜃)(1+cos𝜃𝜃)
𝜃𝜃2

 

Hence  
(1−cos𝜃𝜃)

𝜃𝜃2
= 1

1+cos𝜃𝜃
× sin2𝜃𝜃

𝜃𝜃2
 

Or  
(1−cos𝜃𝜃)

𝜃𝜃2
= 1

1+cos𝜃𝜃
× �sin𝜃𝜃

𝜃𝜃
�
2

 

Therefore lim
𝜃𝜃→0

�1−cos𝜃𝜃
𝑥𝑥2

� = lim
𝜃𝜃→0

� 1
1+cos𝜃𝜃

× �sin𝜃𝜃
𝜃𝜃
�
2
� 

But  lim
𝜃𝜃→0

� 1
1+cos𝜃𝜃

� = 1
2
  and  lim

𝜃𝜃→0
�sin𝜃𝜃

𝜃𝜃
� = 1 

Therefore  lim
𝜃𝜃→0

�1−cos𝜃𝜃
𝜃𝜃2

� = 1
2
 

 

 

Also: 𝐥𝐥𝐥𝐥𝐥𝐥
𝜽𝜽→𝟎𝟎

�𝐭𝐭𝐭𝐭𝐭𝐭𝜽𝜽
𝜽𝜽
� = 𝟏𝟏 

lim
𝜃𝜃→0

�
tan𝜃𝜃
𝜃𝜃

� = lim
𝜃𝜃→0

�tan 𝜃𝜃 ×
1
𝜃𝜃
� = lim

𝜃𝜃→0
�

sin 𝜃𝜃
cos 𝜃𝜃

×
1
𝜃𝜃
� = lim

𝜃𝜃→0
�

sin 𝜃𝜃
𝜃𝜃

×
1

cos 𝜃𝜃
� 

But  lim
𝜃𝜃→0

�sin𝜃𝜃
𝜃𝜃
� = 1  and  lim

𝜃𝜃→0
� 1
cos𝜃𝜃

� = 1
1

= 1 

Therefore  lim
𝜃𝜃→0

�tan𝜃𝜃
𝜃𝜃
� = 1 

 

These results will be used to find derivatives of trigonometric functions using first 
principle of differentiation (i.e. calculation of lim

ℎ→0
𝑓𝑓(𝑥𝑥+ℎ)−𝑓𝑓(𝑥𝑥)

ℎ
 ) 

 

 
 


